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Abstract In the usual Fock-and Darwin-formalism with parabolic potential characterized by the confining energy ǫ 0 =hω 0 ≈ 3.4 meV, but including explicitly also the Zeeman coupling between spin and magnetic field, we study the combined orbital and spin magnetic properties of quantum dots in a two-dimensional electron gas with parameters for GaAs, for N =1 and N ≫ 1 electrons on the dot.
For N = 1 the magnetization M (T, B) consists of a paramagnetic spin contribution and a diamagnetic orbital contribution, which dominate in a non-trivial way at low temperature and fields rsp. high temperature and fields.
For N ≫ 1, where orbital and spin effects are intrinsically coupled in a subtle way and cannot be separated, we find that at N = m 2 , i.e. at a half-filled last shell, M (T, B, N ) is parallel (antiparallel) to the magnetic field, if temperatures and fields are low enough (high enough), whereas for N = m 2 the magnetization oscillates with B and N as a T -dependent periodic function of the variable x := √ N eB 2m * c·ω0 , with T -independent period ∆x = 1 (where m * = 0.067 m 0 is the small effective mass of GaAs, while m 0 is the electron mass).
Correspondingly, by an adiabatic demagnetization process, which should only be fast enough with respect to the slow 'transient time' of the magnetic properties of the dot, the temperature of the dot diminishes rsp. increases with decreasing magnetic field, and in some cases we obtain quite pronounced effects.
Introduction
Besides the charge degrees of freedom, the spin of the electrons in quantum dots will certainly play an important role in future magnetoelectronic devices for classical or quantum computing, involving quantum dots ('artificial atoms'), [1] , although the spin degrees of freedom are usually neglected, since typically the orbital magnetism dominates in quantum dots, as is known, and as we also will see below. However, in this short paper we look at the magnetic properties of quantum dots more in detail, including the 'atypical' spin degrees of freedom, to see whether in this way one may be lead to some 'new physics'. Moreover, it is clear that for our purpose not the most elaborate many-body techniques are important, but simple approaches should suffice to draw relevant conclusions. With this in mind, we concentrate below on the two case N = 1 and N ≫ 1, where N is the number of electrons in the dot.
In any case, solids with quantum dots (i.e. planar artificial atoms) being placed in an external magnetic field B have to acquire an additional magnetic moment. If the dots do not interact, this moment is N D · M , where M is defined as the mean magnetic moment of a single dot and N D the number of dots. That is why the following calculations reduce to considering the behaviour of a single dot being in thermodynamic equilibrium with the surrounding. In this case we can consider the magnetic field B acting on the electrons in the dot as being identical to the external field.
In the following we always assume that the field B is constant in space and has the z-direction, whereas the electrons move in the (x, y)-plane. 2 The case of N = 1:
For the beginning, we consider the simple case of a dot with one electron. In such a model, and in the usual effective-mass approximation, the motion of the electron is described by the Hamiltonian
where m * is the effective mass of the electron (= 0.067 · m 0 for GaAs, where m 0 is the electronic mass), ∇ 2 is the Laplacian in two dimensions,h = h/(2π), with Planck's constant h, ω c = |e|B m * c is the cyclotron fequency,
, where ω 0 is the parameter characterizing the strength of the parabolic potential, which essentially 'confines' the electron to the dot. Finally,
, with integer eigenvalues m, is the (reduced) operator of the angular momentum, while the corresponding (reduced) spin-momentum operatorŜ z has the eigenvalues ± · g is the corresponding effective g-factor, where for the free electron one would have m * = m 0 and g = 2, whereas for GaAs, we have g ∼ = −0.44, and (as already mentioned) m * ∼ = 0.067 m 0 . Therefore, for GaAs, the quantity |g * | is ≪ 1, whereas µ * B ≫ µ B . The eigenfunctions of the Hamiltonian (1) have the following form, [2] 
where χ sz (σ) are normalized eigenfunctions of the spin operatorŜ z with eigenvalue s z = ± 1 2 , while the coordinate wave function can be written as
Hereâ := 1 2i
; n ± = 0, 1, 2, ...; s z = ± 1 2 . The energy eigenvalues corresponding to these wavefunctions are
with ǫ ± :=hω ± 1 2h ω c . The partition function Z(T, B) of the system can be easily calculated and is equal to
where k B is the Boltzmann constant and T the Kelvin temperature. All other characteristic thermodynamic quantities can be found from Z(T, B) by known derivatives. For instance. the mean moment of a dot is, [3] :
Thus for N = 1, the Free Enthalpy G(T, B) = −k B T · ln Z(T, B), and the magnetization as well, can simply be separated into a 'paramagnetic' spin contribution, corresponding to the first factor on the r.h.s. of (5) , and the usual diamagnetic 'orbital' contribution corresponding to the second factor in (5) . Due to the smallness of g * , the paramagnetic contribution is very small in GaAs. However at low fields, for high enough temperatures the spin contribution dominates in any case, since a systematic Taylor expansion shows that the 'paramagnetic factor' is
whereas the 'orbital factor' is
here the correction is ∝ B 2 /T 4 ). Note that here we have explicitly used the
, which sometimes should not be 'approximated away' too early.
Of course we are more interested in the low-temperature behaviour: In any case, the magnetization M(T, B) can be calculated for N = 1 completely generally from the following formula, with β := (k B T ) −1 , and with the characteristic energy ǫ B ∝ B, namely ǫ B :=h In the following, we also consider adiabatic demagnetization or magnetization processes, i.e. where during the change of B and the ensuing measuring processes the entropy of the dot is kept constant. This only implies that the changes of the B-field, and the measuring processes considered, must be much faster than the thermal relaxation of the dot to the surroundings, which is not unreasonable, since with advanced techniques magnetic fields can at present be changed significantly in two picoseconds, [4, 5] , whereas the thermal relaxation of the electronic state of a quantum dot can be much slower, i.e. by several orders of magnitude, [6] . Now an adiabatic change ∆B leads to a corresponding change ∆T , which is given by the relation
Here we have used the well-known relations
(which follows from dG = −MdB − SdT ) and C B = T
∂S ∂T
(the 'heat capacity of the dot' at constant B). So from ∂M ∂β , i.e. from (7), knowing ∆B and C B (which must be > 0 and can be calculated from the formula ≫ 1 and -of course -ǫ 0 β ≫ 1, one obtains with the relation th(x) ∼ = 1 − 2 · e −2x + ..., valid asymptotically for x ≫ 1:
But the heat capacity C B should remain positive for finite T . So for GaAs, in a range of sufficiently low temperatures and sufficiently low fields, i.e. for temperatues T below (above) a value T 0 (B) given by exp
, adiabatic demagnetization (dB < 0) leads to a decrease (increase) of T . If -on the other hand -we do not assume |g * |ǫ B β ≫ 1, but the opposite limit |g * |ǫ B β ≪ 1, then we
], leading to a similar conclusion, now with
, not depending on B. In , should be much smaller than the distance of two dots, or much smaller than any other geometrical extension of our 2d GaAs dot system (for B = 1 Tesla, l m is 25.7 nm). Keeping this constraint in mind, concerning the change of the temperature by an infinitesimal adiabatic demagnetization in the above-mentioned region, we have the following result:
For an isolated qantum dot in 2d-GaAs, with N=1 electrons on the dot, starting at the point (T ≈ 1.6 K, B ≈ 0.01 Tesla), forhω 0 ≈ 3.37 meV, we get
. This implies that an unusually small adiabatic change of the magnetic field can lead to a significant change of the electron temperature in the dot, if one roughly hits the above-mentioned region.
Thus, on the one hand, we have the change of sign of the adiabatic derivative from positive values for T < 3 K to negative values for T > 3 K, a remarkable phenomenon in itself. On the other hand we have the fact that the change ∆T in the above-mentioned region is unusually large also in magnitude, i.e. there it is really important to explicitly consider also the spin, and not only the orbital motion.
Thus, to diminish the dot temperature (compared with the surrounding solid) e.g. by ∆T = −0.1 K (at least for a transient time τ T , which is determined by the small coupling of the dot to the degrees of freedom of the surrounding system, and which we assume to be much larger than the time τ B necessary for significant changes ∆B of the magnetic field), in the above-mentioned region it is only necessary to decrease the magnetic field by B < ∼ 10 −3 Tesla. After having reached the thermodynamic equilibrium of the dot with its surroundings, its temperature increases again, but that of the solid decreases, until they equalize, i.e. the final temperature has been lowered in any case. After that, the magnetic field can be turned off isothermally and the process can be periodically iterated. In such a way this process can be used for magnetic cooling of the dot system, which gives a flavour of the 'new physics' involved by controlling the magnetism of the dot.
All this will be considerably more effective -and also more interesting -for a large number of dots and for N ≫ 1 electrons per dot :
3 The case N ≫ 1:
If the dot contains N electrons, the Hamiltonian iŝ
In a mean-field approximation, the motion of the electrons in a dot is described by the following systems of Hartree equations, [7] , which suffices for N ≫ 1 1 in the limit of strong electron density:
where q := ( r, σ); j = 1, 2, ..., N, and where the lower index p j represents a triple of the three quantum numbers n + , n − , and s z , and where
ǫ is the dielectric constant of the solid, e.g. ǫ ≈ 12.5 for GaAs. Following [8, 9] , we choose the following form of the mean electron density:
and the Hartree equation (11) takes the form:
i.e. in the interior of the dot we have an effective single-particle equation, where the 'effective confining frequency' Ω, the 'renormalized single-particle energy' E p , and the 'effective cyclotron length' l are defined as
So all three quantities are now R-dependent, which should be kept in mind. Then, we suppose the electrons to be situated only inside the dot, i.e.
Now the eigenvalues and eigenfunctions of (12) are determined by equations (3) and (4) with the boundary condition (14); in particular, eq. (14) yields an energy-dependent implicit constraint, which indirectly couples the orbital and spin degrees of freedom of our system. At T > 0 the probability to find an electron of the dot in a state with an energy ǫ p = ǫ n + ,n − ,sz + 3πN e 2 4ǫR
, i.e. E p = ǫ n + ,n − ,sz , is defined by the Fermi distribution n s (ǫ), i.e.
where µ = µ(T, N, B) is the chemical potential of the electrons in the dot, and with s = s z = ± 1 2
The chemical potential µ can be determined as usual from the condition
Let us introduce the Grand Thermodynamic Potential Y(T, B, µ) =
Y s (T, B, µ), which is also implicitly R-dependent, namely through
Then the 'mean energy' E(T, B, N) (i.e. the internal enthalpy, [10] ), of the dot), and its Free Enthalpy G(T, B, N) = E − T · S, where S is the entropy, are determined by the equations
Here the final term in eqs. (19) and (20) represents the 'double counting correction' of the Coulomb energy, where we have used that
At T → 0, E and G transform into the energy of the ground state of the dot: E 0 = lim
, where
R. Here we define the dot radius R = R(N, B, T ) -which up to now can be considered as a free variational parameter of our theory -from the condition that the Free Enthalpy should fulfill
Again, this condition couples spin and orbital degrees of freedom. Now we use Laplace transforms of the quantities appearing in (17) and (18), marked by a 'tilde', e.g. we write
where c is an arbitrary real number, which must only be 'positive enough' to ensure existence of the transformation (see below). Then N s and Y s can be represented in the following form:
where the Laplace transform of Z(ǫ) is given by the simple expressioñ
Here the constant c in the Laplace transform (see above) has to be chosen in such a way that all singularities ofZ(p) are situated to the left of the straight line (c−i∞, c+i∞) -this gives a precise meaning to the above-mentioned formulation 'positive enough'-: Then the contour of integration in (24) can be closed at infinity, and we can use the 'residuum calculus' to evaluate the integral. It is easy to show that Z(p) has at the same time poles of first order at the points p = p (±)
, with n = ±1, ±2, ..., and a pole of third order at p = 0, if the quantity X := ωc 2Ω is = X 0 , where
If, on the other hand, the non-generic condition X = X 0 is fulfilled, thenZ(p) has poles of first, second and third order. From now on we will be interested only in the 'generic situation', i.e. in such fields, for which X = X 0 . Having found all the residues ofZ(p) and performing the summation with respect to all poles, we find an expression for Z(ǫ). Then, substituting Z(ǫ) into the integrals (22) and (23) and using the properties of the Fermi functions, we find expressions for N and Y. In the low-temperature limit k B T ≪ µ s , these quantities take the form
where ǫ 
The chemical potential µ is found from (26), which can be rewritten as
In the lowest approximation, if the number of electrons in the dot is large (N ≫ 1), then at moderately low magnetic fields (hω c ≪ 2ǫ 0 ) and moderately low temperatures this expression takes the form (in zeroth approximation, µ ≈ µ 0 ):
In the next approximation, within an accuracy of order 1/ √ N , the chemical potential is equal to
where the quantity
is of order-of-magnitude O(1), and from (16)
If we substitute this expression for µ(N, B, T ) in (29), we obtain the Free Enthalpy as a function of N, B and T . As follows from (30), the first summand in the r.h.s. of (29) , see (32)). All other summands have still less order of magnitude. If we retain only the first two terms in the r.h.s. of (29) and use (21), then we come to the following equation for R, [8] :
where a * B :=h ) is essentially identified with the plasma frequency calculated from the electron density in the dot calculated with T = 0 and B = 0; therefore in this approximation the radius R of the dot does not depend on B and T at all and is defined only by the number N of electrons on the dot. To obtain a dependence of R on B and T while solving equ. (31), it is in principle necessary to take into account corrections of higher order; yet at N ≫ 1 the corrections are very small, namely of order O(1/N 1/2 ) in relative accuracy, and we neglect them.
For a * B ≪ R the solution of (31) in the first approximation is
where
, and
, as already stated above. The magnetic moment of a dot is defined by the derivative
Using expression (28) for Y we find M, taking into account terms of
where µ 0 = ǫ 0 √ N has been defined above. We see from this expression that M → 0 for B → 0, since then ǫ + = ǫ − . At the same time the first summand on the r.h.s. of (33) is negative ((g * ) 2 < 1) and monotoneously decreasing with increasing B. However the second summand oscillates around zero with increasing B, and so the possibility exists that For this we expand the r.h.s. of (33) into a series in terms of B, and in a linear approximation in B we get for N ≫ 1 :
The function P 0 (x) is periodic, with period ∆x = 1, namely
which can also be written as P 0 (x) = +∞ n=−∞
A(x − n) −1 , where the functions A(x−n) are calculated in the Appendix. As a consequence of the large-n-behaviour of the Fourier coefficients in front of cos(2πnx) in (35), the function A(x) reaches a sharp maximum at x = 0, namely : In fact, for a parabolic dot in the absence of magnetic field B and in an one-electron approximation without interaction, the energy levels of the electron are defined by quantum numbers n = 0, 1, 2, ... and are degenerate with respect to the numbers m = 0; ±2; ±4; ..., ±n for even n ±1; ±3; ±5; ...; ±n for odd n , and, of course, also degenerate with respect to the spin. Electronic states of a dot with the same quantum number n form a 'shell': Then at N = m 2 the last electron shell (i.e. with the highest possible n) of the parabolic dot turns out to be just half-filled with electrons.
As a consequence, a quantum dot with N = m 2 (≫ 1), at low temperatures (T < T 0 = ǫ 0 4k B ) and at 'sufficiently low fields' (what this means quantitatively, is determined soon), i.e. for B → 0, turns out to be a 'paramagnetic two-dimensional artificial atom' with magnetic moment 
where P 1 (x) has been defined above. Then
If T → 0, then at 0 < x < 1 :
That is why at T = 0 for sufficiently small magnetic fields
The r.h.s. of this expression is positive when
So 'sufficiently small fields' means B ≪ B 0 ; i.e. in the region (B < B 0 , T < T 0 ) the magnetic moment of a dot is positive (i.e. the dot is paramagnetic). Outside this region M is ≤ 0, and the dot is diamagnetic.
For GaAs athω 0 = 3.37 meV we have the following typical values for B 0 and T 0 , which should be compared with the results of Fig. 2 and (26) and (27) it is easy to show that
If we consider dots with half-filled last electron shell (i.e. N = m 2 ), then according to (37)
(Here one should remember that P 1 (x) depends on T , see eq. (28).)
Hences it follows that
If we use the relationship
= P 0 (x) and the expression (35) for P 0 (x), then it is possible to show that at 0 < x < 1
Hence it follows that the derivative ∂P (x)/∂T vanishes at x=0, 1/2, 1. At the same time
Hence at low fields ( √ N µ * B · B/ǫ 0 ≪ 1), similar as for N = 1 (see Fig.  2 ), we get positive values of the adiabatic temperature devative,
Altogether this means that the temperature obtained by adiabatic demagnetization of the dots, dB < 0, is strongly B-dependent: It first diminishes with decreasing B, then reaches a minimum value at B =
, i.e. B = B k ), and then begins to raise, due to the inequality
Concerning the B-dependence of
, we mention -howeverthe following point: For N = 1, the contour line ( dT dB ) S = 0 in Fig. 2 depends on T only, but not on B, for a large region of B values, where it is simply given by T ≈ 3 K. According to Fig. 2 , this seems only to be different for very small B-values at T > 3 K. In the first-mentioned respect there seems to be a qualitative distinction between the cases N = 1 and N ≫ 1, which we do not yet understand at present.
Finally, using expression (40), let us find out, how fast the temperature of a dot diminishes or increases by the adiabatic change of the magnetic field : If we let in (40) T S (B) = T + ∆T (B), where T is the initial temperature, T S (B) the final temperature, and ∆T (B) ≪ T , then it is easy to show that
For GaAs at a start temperature of e.g. T = 2 K and ǫ 0 =hω 0 = 3.37 meV, it is easy to show that to change the temperature by ∆T = ±0.1 K at N = 100, the field has only to change by ±0.063 Tl, for N = 25 by ±0.057 Tl. Ifhω 0 = 7.5 meV, then at N = 100 the field has to raise by 0.04 Tl, at N = 25 by 0.035 Tl.
Conclusions
It follows from the above-stated that
• the magnetization of an one-electron dot, N = 1, see (6) , can be separated into two parts: (i) the paramagnetic magnetization caused by the own magnetic spin moment of the electron, and (ii) the orbital magnetization which is due to the quantized orbital motion of the electron of the dot in a magnetic field. At low temperatures (T < T 0 ) and fields (B < B 0 ) the paramagnetic part of the susceptibility exceeds the diamagnetic one, and as a whole the dot is paramagnetic whereas at high fields and temperatures the dot behaves diamagnetic. An analogous situation is observed concerning the adiabatic temperature derivative w.r. to changes of the magnetic field: At low fields (B < B k ) and temperatures (T < T k ), the adiabatic temperature derivative dT dB S is > 0, whereas it is < 0 at high fields and temperatures. For more results, Fig. 2 and Fig. 3 should be consulted, and it should be noted that in case of Fig. 3 one obtains quite pronounced effects in the region of T ≈ 1.5 K for B < ∼ 0.002 Tesla.
• In a many-electron dot (N ≫ 1), the effects of quantization of orbital motion and the spin effects cannot be separated and should be treated simultaneously. We do this within the Hartree approach, which dominates with respect to the Coulomb effects for N ≫ 1. With increasing B, for N ≫ 1, a spin-dependent restructuring of energy levels takes place. It leads to a periodic change of the magnetic properties of the electrons in a dot with varying B, which is a function of the variable x := √ Nh|e|B 2m * c ǫ 0 with period ∆x = 1 (Here all parameters have their usual meaning, and ǫ 0 =hω 0 is the confinement energy). The magnetic susceptibility of a dot with a half-filled last electron shell changes not only by magnitude, but also by sign: For low fields (B < B 0 ) and temperatures (T < T 0 ) the dot as a whole is paramagnetic, whereas with raising B and T the behaviour of the dot transfers from paramagnetic to diamagnetic. In an analogous manner, the temperature-effect induced by adiabatic demagnetization of the dot behaves differently at low temperatures and fields (T < T k , B < B k ) and at high fields (B > B k ), respectively: In the firstmentioned case, the temperature diminishes with an adiabatic decrease of B whereas in the second case, it raises. is presented against the temperature T (in Kelvins) and the magnetic induction B (in Teslas) for a quantum dot with N = 1 electrons on it, in a two-dimensional electron gas with the parameters of GaAs, and with the confinement potential parameter ǫ 0 =hω 0 = 3.37 meV. Note the change of sign of the derivative from positive values for low temperatures (T < 3 K) to negative values for higher temperatures, and note the strong increase in the region of 1.5 K for inductions below 1 Tesla. 
